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Abstract
The purpose of this paper is to extend von Davier, Holland, and Thayer’s (2004b) framework of
kernel equating so that it can incorporate raw data and traditional equipercentile equating
methods. One result of this more general framework is that previous equating methodology
research can be viewed more comprehensively. Another result is that the standard error of
equated score difference (SEED) has a wider application than originally proposed. The methods
described in this paper are empirically evaluated in an accompanying simulation study (Moses &

Holland, 2007).
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Introduction

Organizing frameworks for equating methodologies can be helpful for revealing
relationships among studies of seemingly different scope as well as for generating new equating
methodologies. For example, von Davier, Holland, and Thayer’s (2004b) recent framework
related chained and post-stratification/frequency estimation equating approaches in terms of a
design function. This framework provided a useful way to reconsider the comparisons of chained
and post-stratification methods that focused on equated score differences (Holland, von Davier,
Sinharay, & Han, 2006; Livingston, 2004; Livingston, Dorans, & Wright, 1990; MacCann, 1990;
von Davier, Holland, & Thayer, 2004a; Wang, Lee, Brennan, & Kolen, 2006) and on theoretical
variability estimates (Liou & Cheng, 1995). In addition, a significance test for chained and post-
stratification equated score differences was a straightforward development produced within the
von Davier et al. framework.

The purpose of this paper is to add generality to von Davier et al.’s (2004b) framework of
equating. The original framework focused on data that are pre-smoothed using loglinear models.
This paper describes how raw data can be utilized throughout the steps of the original framework,
promoting a broader consideration of the impact of smoothing on equating bias and empirical
variability (Fairbank, 1987; Hanson, 1991; Hanson, Zeng, & Colton, 1994; Livingston, 1993b;
Skaggs, 2004 ) and on theoretical standard error estimates (Liou & Cheng, 1995; Liou, Cheng, &
Johnson, 1997). While the original framework focused on kernel equating, this paper shows how
the traditional equipercentile methods can be incorporated, promoting a reconsideration of
comparative evaluations of continuization methods (Grant, Zhang, Damiano, & Lonstein, 2006;
Liou et al., 1997; Liu & Low, 2006; Livingston, 1993a). The result of adding generality to the
original framework is that the tools developed in von Davier et al. for significance tests of
equating function differences can be applied to raw data and to traditional equipercentile
methodologies. This paper focuses on the technical details involved in raw and smoothed data and
in traditional equipercentile and kernel equating for the nonequivalent groups with anchor test
(NEAT) design. All of the procedures described in this paper are empirically evaluated in an
accompanying report (Moses & Holland, 2007).



The Five-Step Equating Framework
The empirical decisions practitioners make to equate tests include a pre-smoothing step
that estimates true distributions from a set of collected data, an estimation step that calculates the
probabilities of the test scores used in the equating process, a continuization step that uses the
discrete scores to determine “in-between” scores, a score equating step, and a standard error
estimation step. This section discusses these five steps in detail, describing specific applications

that are relevant to the different equating functions used for the NEAT design.

Step 1: Presmoothing

The equating process begins with a decision on how to utilize the raw data that are
gathered from test administrations. For the NEAT design the data are collected as two samples
from nonequivalent populations (P and Q) that take different total tests (X or Y) and one internal
or external anchor (4 in P and 4 in Q). The raw data take the form of two bivariate test score
distributions (X, 4 in P and Y, 4 in Q). The scores of the bivariate distributions are discrete and
assumed to be integers. The sampling error of the raw data can reduce the precision of the
equating function but is itself reducible through the use of smoothing methods. Because of the
potential for smoothing methods to introduce bias while reducing sampling variability,
discussions of whether to use smoothed or raw data are typically framed in terms of a bias-
variability tradeoff (e.g., Kolen, 1991; Kolen & Brennan, 2004).

Loglinear models for presmoothing. One useful tool for addressing the bias-variability
tradeoff in discrete test score distributions is loglinear modeling (Holland & Thayer, 1987, 2000).
Loglinear modeling has been promoted in test equating as an extremely flexible and variability-
reducing smoothing technique for discrete test score distributions (Kolen, 1991; Livingston,
1993b; Hanson, 1991; Rosenbaum & Thayer, 1987). The loglinear modeling framework for
comparing the fits of several nested models makes it possible to select among strong and weak
degrees of smoothing using structured significance tests (Agresti, 2002; Bishop, Feinberg &
Holland, 1975; Haberman, 1974).

For the NEAT design, two loglinear models are used to fit the two bivariate distributions.
The following model is for the (X, A) distribution in P. The model for the (Y, A) distribution in Q

1s similar:



I H G F
log,(p;) =+ Ba(x)) + D Bu(a) + D B, (x)(a) (1)
i=1 h=1 g=1 f=1
where Pj: is the joint score probability of the score (x;, a;) (score x; on test X and score a; on test 4

as taken by population P) and the ¢ and B>s are free parameters that are estimated in the model-
fitting process. The fitting of this model produces a smoothed bivariate distribution that preserves

I moments in the marginal distribution of X, H moments in the marginal distribution of 4, and a

number of cross-moments (G </, F'< H') i the bivariate X4 distribution. Many values can be
used for /, H, G, and F;; larger values preserve more features of the raw data in the model than

smaller values.

The estimated variance-covariance matrix of population P’s probabilities (= ) modeled

with (1) can be used for computing standard errors of kernel equating (von Davier et al., 2004b).

An efficient root factorization of = is the so-called “C-matrix,” defined as

X, =C,C; )

where Cp is the JL (for an external anchor) by T (where T=1+ H+ GF in (1)) matrix and C; is

its transpose. C, canbe efficiently computed as
Co =N, D;Q. 3

The diagonal matrix D\/E has entries /2 along its main diagonal. Np is the total sample size in

P, and Q is the JL by T orthogonal matrix that comes from the following QR-factorization,
D, -\pp' |B=QR @)

Q is aJL by T matrix with orthogonal columns, R is a 7' by 7 upper triangular matrix, \/5 and P

are the column vectors of the 1/ 7 ’s and P ’s respectively, and B is the matrix of the score

functions of x; and a; from (1) (Holland & Thayer, 1987). A major advantage of the C-matrix is



storage efficiency for large bivariate problems. (Note that there are only as many columns in the
C-matrix as there are parameters in the model.)

No presmoothing. The equating process can utilize data in their raw form without the
use of loglinear modeling. The use of raw data and estimates of their sampling variability
provides an important basis for evaluating the equating functions computed from some possibly
under-parameterized and biased loglinear models and from other over-parameterized and highly
variable loglinear models. When raw data are used, the original probabilities are used as
estimates of the population distribution. The only issue is to estimate a raw data version of the

C-matrix given in (3).
To do so, let P=(/Np)n, denote the vector of sample proportions based on the
unsmoothed sample frequencies in vector e, where Bp is the JL “column-vectorized” version of

the original J by L matrix of bivariate frequencies. It is assumed that Mp has the multinomial
distribution M(Np, p), where Np denotes the total sample size and p is the column vector of

population probabilities (Bishop et al., 1975, p. 469). The covariance of P can be computed as
X,= (UN,)(D, - pp), )

where D, denotes the diagonal matrix with entries ;i along its main diagonal, and p' denotes the

transpose of p. In comparison to (3), there is no loglinear presmoothing so that the dimensions of

C, will be JL by JL rather than JL by T. Note that there is no reduction in the range of
applications for the raw C-matrix as compared to the smoothed C-matrix currently used in kernel

equating.

C, is found as follows: Write > in (5) as
E, = (V) Dty oo D, ©)

where P Jp 1s the diagonal matrix with entries /7 along its main diagonal, \/; is the (column)

vector of the 4/ P, ’s, and Iy is a JL by JL identity matrix. Equation (6) is justified by factoring



out D\/ﬁ from the D, and the pp' in (5). The “inner” matrix in (6), that is, (I JL - \/; \/p'),is

idempotent so that it equals it own square. Thus, (6) can be expressed as

ZP = (I/Np) D\/ﬁ(IJL _\/;\/pT)(IJL '\/;\/?)D@ = CPC;’, (7)
where Cp:N]; D\/B(IJL'\/;\/p_t):N}-) (D\/;,'P\/P_t). (8)

Similar developments of (5) in (7) and (8) have been given in Bishop et al. (1975, pp. 469-473).

Step 2: Score Distribution Estimation

The second step of equating requires an estimation of the distributions of the scores that
are going to be used in the equating from the raw or smoothed data from Step 1. This estimation
depends on a “design function” (von Davier et al., 2004b). For the NEAT design and observed
score equating methods, there are two possibilities for utilizing anchor score information. One is
an X to Y equating that is based on chaining the single-group links computed for X to 4 in P and
for A to Y in Q. For chained equating, the needed score distributions are estimated by obtaining
marginal score distributions for Xp, Ap, Ap and Yy, the probability vectors of which are denoted
as rp, tp, tg, and sq.

The other possibility is to use the anchor as a stratifying variable to estimate synthetic
population score distributions on X and Y in P and Q. The synthetic score distributions are then
used in post-stratification equating, also referred to as frequency estimation equipercentile
equating (Jarjoura & Kolen, 1985; Kolen & Brennan, 2004). Score probabilities can be estimated
in the synthetic populations for X and Y as

(1-w)t
Yose = Voprwor 17 = Z{W_F—Ql il 9)

l tPl

wt
Spse = Swpriiwor Sk T Z |:(1 -w) +t_Pl:|4k1 , (10)

1 ol

where W is a value between 0 and 1 that specifies the proportion of P in the synthetic population,

where the synthetic population is defined as W P+(1-W)Q, » and for are the marginal



probabilities at anchor score / in populations P and Q, and P and 9w are bivariate probabilities
at scores X; and 4, in population P and at scores Y and 4, in population Q.

Raw data complications. With raw data that have not been presmoothed, there is a
potential for some marginal score probabilities to be zero. This creates problems for two aspects
of equating. For the traditional equipercentile method, more than one score exists with the same
cumulative probability, and there is no clear basis for assigning the cumulative probability to any

one score. For the marginal anchor scores that are used in kernel and traditional equipercentile

post-stratification equating, division-by-zero problems can occur [ /¢ and o in Equations (9) and
(10)]. To avoid problems from scores with zero frequencies, many ad hoc rules have been
proposed (Jarjoura & Kolen, 1986; Kolen & Brennan, 2004; Livingston, 2004).

The rule proposed in this paper is also ad hoc, but is proposed because it provides a direct
basis for the estimation of equating errors in Step 5 while controlling for bias in Step 4,
particularly for the post-stratification method. This rule is to average any marginal frequencies (or
marginal synthetic probabilities multiplied by the sample size) less than one with the nearest
lower and higher scores that had frequencies that were one or greater. These averaged frequencies
and probabilities are then used in the rest of the equating processes.

For post-stratification, the averaging is done on the marginal anchor scores, and then, to

preserve the bivariate distribution and make (9) and (10) correctly sum to one, on each of the total

test score probabilities in the bivariate tables. For example, if Z»> = 0 so that the marginal anchor

t, +t,, +t
probabilities at scores / =1, 2, and 3 are averaged, this means that = ‘;2 = is used for p1,
PutPLtPs . . -
Ip; and I3, = 312 s used as the bivariate probability for Pi;, P> and Pis,

Doy TPyt Dy . -
% is used as the bivariate probability for P2/, P22 and P:;, and so forth for all J.
Because (9) and (10) rely on p and q vectors with averaged frequencies and the variance-
covariances of p and q (5-8) are computed from the original frequencies, the discussions of (9)

and (10) to follow in Step 5 and the appendix will notate the p and q that are produced from some

frequency averaging as P and 4 to distinguish them from the original p and q vectors. Marginal

probability averaging for the levels of j and & in r and s may also sometimes be necessary because



eliminating low frequencies in the column sums of p does not necessarily eliminate low

frequencies in the row sums of P.

Step 3: Continuization

The discrete score distributions of Steps 1 and 2 have to be continuized into continuous
cumulative density functions (cdfs) with defined inverses. The continuization process is based on
an assertion of how “in-between” score values are distributed in the discrete distribution. Two
continuization possibilities treated here are the traditional equipercentile method’s percentile-
rank method and the kernel method’s kernel density estimation method. There are other
continuization approaches that are not addressed here (e.g., Wang, 2004).

Traditional equipercentile continuization. The traditional equipercentile method of
continuization is based on linearly interpolating between two scores and their cumulative
percentages. The assumption is that scores and cumulative percentages are uniformly distributed
between one-unit score intervals so that the cdf (i.e., “percentile rank™; Kolen & Brennan, 2004)

for any x score, possible or impossible, can be computed by:
FOo;r)=0 ifx<x - %

=(x—@ =% ) ifx;—%<x<x +%,

j-1
- Zl”k—i-rj(x—(xj—l/z)) ifx;—2<x<x;+ ' forj=2,...J,

k=1
=lifx>x,+%. (11)

The equipercentile continuization can be distinguished from the kernel continuization in two
respects. First, the equipercentile’s degree of continuization is independent of the sample data.
Second, the equipercentile’s continuization is based on the cumulative probabilities of pairs of
consecutive scores in the score distribution.

Kernel continuization. The continuization method for kernel equating is kernel density
estimation for univariate score distributions. In von Davier et al. (2004b, p. 56), a Gaussian kernel
is used, with a parameter (/) that can be altered so that the resulting cdfs are more or less

influenced by the Gaussian kernel:



Firl:1)= 2 O(R,c(5) (12)

ay h)(

x-ayx;-(1-ay iy ol
where Rx (x)= ’ , Ay = ﬁ ,and @ denotes the standard Gaussian cdf.
X X

The bandwidth parameter (%,) can be set by the practitioner. Extremely large (>100y) bandwidths
produce cdfs that retain only the mean and variance of the data, causing the equating function to
resolve into a linear form. Smaller values of 4, produce cdfs that retain more of the data. von
Davier et al. (2004b) recommend a rule for selecting 4 based on achieving a continuized cdf that
closely approximates the discrete data (by minimizing the sum of the squared error) while having
few modes (by avoiding rapid changes in the derivative of the cdf). One computational method
that works well for meeting these two criteria in selecting /4 is known as Brent’s method or

parabolic interpolation (Press, Teukolsky, Vetterling, & Flannery, 1992).

Step 4: Equating

Traditional equipercentile and kernel equating functions are implemented by first
computing cdf values for scores from one distribution and then finding scores on another
distribution with cdfs that match those of the first (i.e., the inverse df). The equipercentile and
kernel versions of the cdf computations were described in Step 3. The equipercentile and kernel
versions of the inverse cdf computations are described here.

The traditional equipercentile inverse cdf. To compute an inverse cdf using the traditional
equipercentile method, the percentile rank of one score on a score distribution, Fx;r) s
located on another score distribution such that GV, T1/28) s the smallest percentile rank at an

interval boundary score (i.e., 7 +/- 1/2 for score intervals of 1) on $ that is larger than £(X;;T).

The inverse cdf is then computed as

Fx,;;v)-G(y, , +1/2;s)
Gy, +1/2:5)-G(y,, +1/2;s) (13)

e (x;)= G"(F(xj;r);s) =y, -12+

The kernel inverse cdf. The inverse cdf for the kernel method can be computed using an

iterative search process, such as Newton’s method. Given a kernel continuized cdf, Fiy (x_; ,'r), the



Y score with a matching cdf value on $ can be found by starting with a Gy V';$) that is based

on an initial ¥ value that is plausibly close to €y (X;) . Then ¥ is updated as

y =yt (FLX(xf'"r)_ Gle(J/*"S))
0G,,(v';s)
oy

. When it is noted that both the derivative in the update’s

denominator and the difference in percentile ranks in (13)’s denominator are probabilities of y

scores near €,(X;) , the kernel method’s use of Newton for the inverse cdf computation and the

inverse cdf computation for the traditional equipercentile method can be understood as being
almost identical. The Newton update is repeatedly calculated until a ¥" is found such that

G (v :8) is acceptably close to Fx(x;;Y) The result can be expressed as the kernel equating

function
e,(x,)= Gy (Fe(x,v);s) (14)

Equating functions. The chained kernel and equipercentile equating functions can be

expressed as two cdf matchings brought together based on the four marginal distributions:

eyep(®) =G (HH " (Fx;1, )ty )ity )isq )

(15)

The post-stratification kernel and equipercentile equating functions are based on matching

the cdfs from the two synthetic populations:
€ypse) (x)= G’ (F(x, r(wP+(1-w)Q))"S(w1’+(1-w)Q)) . (16)

Step 5: Standard Error Estimation

The delta method is frequently used to estimate the extent of sampling variation in the
equating function (Jarjoura & Kolen, 1985; Liou & Cheng, 1995; Liou et al., 1997; Lord, 1982;
von Davier et al., 2004b). With the delta method the assumption is made that the X to Y equating
function is continuously differentiable across X, so that equating variability can be estimated

using the equating function derivatives and the corresponding estimates of variability in the data.



A major difference between how the delta method is treated in this paper and how it was
developed by Jarjoura and Kolen (1986), Liou and Cheng (1995), Liou et al. (1997), and Lord
(1982), is that the differentiation and variance-covariance estimation used here are in terms of the
probabilities at every score level rather than in terms of cumulative probabilities at a limited
number of score levels. This orientation to score probabilities allows for a very flexible approach
to equating function and standard error estimation that is straightforward to apply to all major
equating designs (von Davier et al., 2004b), to smoothed and raw data, to traditional
equipercentile and kernel equating functions, and to the estimated variability of equated score
differences.

The pieces of the delta method standard errors are described below. They include the
derivative of the equating function with respect to marginal score probabilities (Je, Steps 3 and 4),
the derivative of the marginal score probabilities with respect to the original bivariate distribution
(Jpr, Steps 1 and 2), and the C-matrices of the two estimated distributions (Step 1). The general
form of the standard error is given as the root sum of squares of the “SEE-vector,” which is the

product of the derivative vectors and the C-matrices:

SEE, (x) =

JJ0:C| (17)

f 2
In (17), Ixll = Z *j denotes the Euclidian length (norm) of vector x.
j

Equating function derivatives. Kernel and equipercentile equating functions have the

general form €, (x;T,8)= G'(F (x;r);s) , so that they can be differentiated with respect to

marginal score probabilities as

Jey, _ 1 OF(x;r)
or, G' or

J

: (18)

Oe, _ 1 9G(ey(x);s) (19)
os, G’ 0s, ’
0G(e,(v):s)

G'=
where oy

(von Davier et al., 2004b).

10



Derivatives for the equipercentile equating functions. The derivatives of the continuized
percentile-rank cdf in (11) at score x with respect to each x;> marginal score probability requires

that x; be located in the range of X such that x; — /2 <x <x; + 2. Then

OF (x:1) -
arj’ =1 J <
=(x—(x—")) 7 =J

=0 Jj >J. (20)

0G(e,(x);s) .

The expression of is similar. The next section of this paper gives a modification of

0s,

(20) when raw and sparse data are used.

The derivatives of the equated scores with respect to the actual Y scores are:

0G(e (x);s)
g—y= S, for e,(X) where Y. ~1/2<e,(x)<y,+1/2

s +s
:’WT'W_J for ey(x) where e}’(x):y“ -1/2 (21)

The averaging of two probabilities (i.e., derivatives) when the traditional equipercentile

€,(%) is at a +/- 1/2 score boundary is a pragmatic proposal. It is not strictly correct because the
delta method is intended for smooth and continuously differentiable functions. The percentile-
rank derivative with respect to score probabilities is not continuous at +/- 1/2 score boundaries; it
has two derivatives that depend on whether the rate of change in the percentile-rank function is
approached from the upper or lower score around the score boundary. The precise way of dealing
with equated scores that are exactly on score boundaries is to treat the derivative and resulting
standard error estimate as undefined. The actual situations where equated scores are at score
boundaries are rare except at the tails of score distributions, where standard error estimates are
known to be poor for other reasons, namely sparse data (Jarjoura & Kolen, 1985; Liou & Cheng,
1995). Simulation results described in Moses and Holland (2007) suggest that the use of an
average of the two possible derivatives for equated scores at +/- 1/2 score boundaries has

minimally adverse effects on standard error estimates. The averaging of derivatives in (21) is

11



completely avoided in kernel equating functions because kernel cdfs are smooth and continuously
differentiable across the entire score range.

Raw and sparse data. Equations (20) and (21) must be adjusted when frequency-averaging
is done for sparse, marginal probabilities and traditional equipercentile equating. When

frequency-averaging is used, the equating function is not based directly on the marginal
probabilities. When the percentile-rank function, £(*:7) is computed based on averaged
marginal probabilities, it can be expressed as £ (X;T) where T is the vector of original marginal
probabilities where some are averaged. For example, when the probabilities at scores X> and ¥4
are zero, they are averaged with the probabilities at scores *; and *; and *s and 7, respectively.

Then the percentile rank at score 6 can be expressed as

F(x, =50) =7 +n+7+r+7+7,(5-(5-1/2))

+r+ +r+ +r +
=3[ AT [ B T | B TR (5 (5-1/2))
3 ) 3 3 ’

=ntrntrn+trn+

+r +
:;f1+r2+}f3+r4+[—r5 r; r7j(x6—(x5—1/2)),

OF (x;T)
Therefore, ar =1 J <
G
=(x—(x;— 1/2))(1/b) forany j’ for which’j is averaged with
i,
= 0 j ’ >j + b = 1.

(22)

12



In (22), x; is the lowest of the scores with averaged probabilities at x, and b is the number of score
values with probabilities that are averaged together. Note that, when several scores have
probabilities that are averaged together, b gets large, marginal probability distributions become
uniform, equating functions approach the identity function, and the standard errors go to zero.

Derivatives for the kernel equating functions. With respect to marginal score probabilities
and scores, the derivatives of the continuized kernel cdf in (12) are given in von Davier et al.

(2004b) as

oF OF (x;
D 0 (R (i) = My (i) S5 23)
OF (x;r)

and 8— Z ¢(R,X (x;r)) (24)

XX

x—ayx, —(l—ay)p,

aXhX

where RjX (x;r) =

M, (xir) = —(x— 1) - m[—’”}

+(1-a, )xj ,
and @ denotes the standard Gaussian density function.

Equating function derivative vectors. When the vectors of score-level equating functions

are computed, the equating function derivative vectors (i.e., Jacobians) can be merged into the J.
that is used in (17). For post-stratification, the two Jacobians for each of the two synthetic score

distributions are merged:

)
o6y J = (erP+(1-w)Q5 szP+(1-w)Q) . (25)

wP+(1-w)Q

3 B { Oe,
eY(PSE) —
or

wP+(1-w)Q

" Os

For chained equating, the Jacobians based on the four marginal distributions are merged:

Tovien (¥)= [@—a(e (9] T, (x))] , 26)

13



(e, (x) de,(x))

where Je (%) —L or ot (JrP’JtP)
P P

(de, (e,(x) de,(e,(x)
€€x,€8:XJ (JtQ,J)

Jo (e, (x))= k

Q

OH y(e,(x);t, )/Oa
0G,(ey(x);84 )/ 0y

and %i( ()
a

Design function derivatives. The design function for chained equating involves summing
up the bivariate probabilities to create two marginal probability distributions, one for the test and
another for the anchor scores. For error estimation, the test and anchor entries of the C-matrix are
summed in the same way as the bivariate probabilities. For a formal description of the design
function derivatives for chained equating, refer to the discussion of the single-group design in the
appendix.

The design function for post-stratification is nonlinear and can be written in terms of the

two bivariate and four marginal probabilities used in (9) and (10):

%:%2—21 w(1- w2 p,)l ~(1-w2 m)[( )lﬁ.]lﬂjbim 27)
aa—;zj—l_flg—gi:(w[(t@)"al} ij (28)
%:%2—2=((l—w}[(rm)”ﬁl}lk)bﬁ (29)
j—;:aa—;lg—g:{l W Q,)I (i; [(rQ,)'lal}IL}bi@, (30)

where the P and @ terms denote computations involving the averaged form of the bivariate
probabilities (Step 2), and the b’s denote the number of score levels on the marginal anchor

distributions in P or Q that were averaged to avoid divisions-by-zero to compute (9) and (10). For

smoothed data, Py and @ equal P and i and all b’s equal 1. For raw and sparse data, some

14



anchor scores’ probabilities are averaged so that Pi and 4 are not always equal to P1 and 4 and
some b’s can be greater than 1.
C. The final C in (17) is given as a stacking of the P and O C-matrices, and assumes that

the two samples’ probability distributions are estimated independently:

(C, 0 )

C=L0 CQ)' (31)

Computations for raw data. For raw data, the SEE-vector uses a square C-matrix and can

become so large that it exceeds storage capacity. Additional multiplications that have a (JeJpr)C
orientation can result in SEE formulas that avoid the C-matrix in its large form. These are
described in more detail in the appendix, with the main results presented here.

For chained equating, the variance of the raw equating function is given as the sum of the

variances of the equating function derivatives in (25):

a 2 2 2
SEE’(x) = [g@ (x)ISEE? (x) + SEEZ (e, (x)) . (32)

2
where SEEZ(x) = (UNP)ZI(JTJ + Jtl : (MJ,P + Hyp ) Py
Js

2 Oe
SEES (e, (x)) = (I/NQ)%: (Jsk + Jtl ) (MJSQ + HiQ ) 4y , a_(;(ea (x)) was defined in (26), and
the u’s denote averages of particular derivative vectors.

For post-stratification equating, the variance of the raw equating function is given as the

variances of the JeJpr products from (25) and (27-30):

SEE*(x) = (1/NP)Z (A, -he) a4 (1) Z (B, ~Hyo) 4 (33)

b

1
where Aj = (WlF(Jrj _ﬂJ,F|1)+W(:uJ,F|1 +:quQ|1))b_

Pl

1
By = (WIQ(JSk _lll‘]s(jll)-i_(l_w)(ﬂjrr)l] +/UJSQ|1))b_
Ql

b
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Wi = W=ty /ty = (Wip +(L=w)tg) /15 = t5/t5

andWig = (1-w)+ w(tﬁl/t@) = tﬁ/t@ )

SEEDs. Equating functions are often selected based on comparisons with other equating

functions (e.g., €, (¥ - €, (X)), such as curvilinear and linear differences, chained and post-
stratification differences, post-stratification differences when w is varied, and differences between
linear methods (von Davier & Kong, 2005). von Davier et al. (2004b) showed that through noting
0 (el - ez) =J,-Jda , the SEE-vector formula in (17) can be generalized into a SEED-vector for

the standard error of equating function differences:
SEED, (X) = (T e =TT o) €] . (34)

Two types of SEEDs are important in the NEAT design. One is for evaluating the
significance of differences between curvilinear and linear kernel equating functions for a given
design function (either chained or post-stratification). In the kernel framework, curvilinear and
linear equating functions can be computed simply by selecting smaller and larger continuization
bandwidths (4 ’s). Because the design function for the curvilinear and linear comparison is the

same, the SEED can be expressed as
SEED, (x) = (4 -92) I C] (35)

Another type of SEED is useful for assessing the significance of differences between
chained and post-stratification equated scores. For this type of comparison, there are separate
design functions and derivative vectors, so (34) is used.

Raw SEEDs. The raw SEED analogues of (34) are discussed in detail in the appendix. The

final results are as follows. For the curvilinear-linear comparison in chained kernel equating,

SEED?(x) = (1/N,)SEED; (x) + (1/N,)SEED; (e, (x)) | (36)
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where SEED? (x) =

oel (el (x)) i oe2 (e2 (x))

2
Zl:( 5 Uy, 1) % 2 +Jtz])'H del e “H el ae )P) pyand
Js

22t 'ngz )P (gJu 'thz

2
SEED: (e, (x)) = Z(Js1k _JSZk + Jnl _Jt21 “Ha,-3,)0 ” M(Jtl-Jtz)Q) i
k1

For the curvilinear-linear comparison in post-stratification kernel equating,

2 2
SEED2(x) = (1/Np) Z (A(el-eZ)jl - HA(el-eZ)P) Py 4 (1/No) Z (B(el-eZ)kl - uB(el-e2)Q) qu , (37)
il Kl

where A1) = (Wlf’ (Jrl_i B Jr2j ~Hae, o) T W(/“uﬂ Ao T Ha 00 )) b
Pl

1
and Beleoj1 = (Wlé o, =Jo, = Hy g o) TA=W g s en T Ho, o, )Qll))b_l .
Q

The raw SEED for assessing differences between chained and post-stratification equating

functions is computed as

SEED, (x) = \[SEEDZ, (x) + SEED, (x)

SEED?, (x) = NLZ (w

P jl

where (Jrjl,P +J111,P “Hyp _MJ“P)_AJ'I,ZP +luA2p)2pjl , (3%

1 . . .
SEED;,(x)=—> (. 10 +i10 M0 M0 —Buw + ) 4y @ is the chained equating

NQ kl

function, and ¢ is the post-stratification equating function.

Discussion
This paper describes how raw data and traditional equipercentile equating functions can be
incorporated within von Davier et al.'s (2004b) kernel equating framework. Previous studies of
theoretical standard errors of equating (Jarjoura & Kolen, 1985; Liou & Cheng, 1995; Liou et al.,
1997; Lord, 1982) addressed many issues discussed in this paper, but in a somewhat disjointed

manner. This paper’s framework provides some additional structure to allow these previous issues
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to be more easily related. It also provides a more general standard error of equating difference for
post-stratification and chained equated scores.

This paper reveals many issues of equating methodology that deserve further study. More
general forms of the kernel and linear interpolation continuization methods could be explored,
such as the utilization of a uniform kernel that is not limited to discrete score intervals and the
utilization of the suggested frequency averaging rule and linear interpolation over specifically
defined score ranges. A revisiting of previously proposed rules for dealing with scores of zero
frequencies in raw post-stratification equating (Jarjoura & Kolen, 1985; Hanson, 1991; Hanson et
al., 1994; Kolen & Brennan, 2004; Livingston, 2004) and the implications of these rules on the
accuracies of equating functions and variability is also warranted. The empirical evaluation of the
described procedures and their relationships is another important issue that is addressed in an

accompanying research report (Moses & Holland, 2007).

18



References

Agresti, A. (2002). Categorical data analysis (2nd ed.). New York: Wiley.

Bishop, Y. M. M., Feinberg, S. E., & Holland, P. W. (1975). Discrete multivariate analysis:
Theory and practice. Cambridge, MA: MIT Press.

Fairbank, B. A. (1987). The use of presmoothing and postsmoothing to increase the precision of
equipercentile equating. Applied Psychological Measurement, 11(3), 245-262.

Grant, M. C., Zhang, Y., Damiano, M., & Lonstein, L. (2006, April). An evaluation of the kernel
equating method: Small sample equating in non-equivalent groups design. Paper
presented at the annual meeting of the American Educational Research Association
Annual Meeting, San Francisco, CA.

Haberman, S. J. (1974). The analysis of frequency data. Chicago: University of Chicago Press.

Hanson, B. A. (1991). A comparison of bivariate smoothing methods in common-item
equipercentile equating. Applied Psychological Measurement, 15(4), 391-408.

Hanson, B. A., Zeng, L., & Colton, D. (1994). 4 comparison of presmoothing and postsmoothing
methods in equipercentile equating. (ACT Technical Rep. No. 94-4). Iowa City, [A: ACT.

Holland, P. W., von Davier, A. A., Sinharay, S., & Han, N. (2006). Testing the untestable
assumptions of the chain and poststratification equating methods for the NEAT design
(ETS Research Rep. No. RR-06-17). Princeton, NJ: ETS.

Holland, P. W., & Thayer, D. T. (1987). Notes on the use of log-linear models for fitting discrete
probability distributions (ETS Research Rep. No. TR-87-31). Princeton, NJ: ETS.

Holland, P. W., & Thayer, D. T. (2000). Univariate and bivariate loglinear models for discrete test
score distributions. Journal of Educational and Behavioral Statistics, 25, 133—183.

Jarjoura, D., & Kolen, M. J. (1985). Standard errors of equipercentile equating for the common
item nonequivalent populations design. Journal of Educational Statistics, 10, 143—160.

Kolen, M. J. (1991). Smoothing methods for estimating test score distributions. Journal of
Educational Measurement, 28(3), 257-282.

Kolen, M. J., & Brennan, R. J. (2004). Test equating: Methods and practices. (2nd ed.). New
York: Springer-Verlag.

Liou, M., & Cheng, P. E. (1995). Asymptotic standard error of equipercentile equating. Journal of
Educational and Behavioral Statistics, 20, 259-286.

19



Liou, M., Cheng, P. E., & Johnson, E. G. (1997). Standard errors of the kernel equating methods
under the common-item design. Applied Psychological Measurement, 21(4), 349-369.

Liu, J., & Low, A. (2006, April). An exploration of kernel equating using SAT data. Paper
presented at the annual meeting of the National Council on Measurement in Education,
San Francisco, CA.

Livingston, S. A. (1993a). An empirical tryout of kernel equating (ETS Research Rep. No. RR-
93-33). Princeton, NJ: ETS.

Livingston, S. (1993b). Small-sample equatings with log-linear smoothing. Journal of
Educational Measurement, 30, 23-39.

Livingston, S. A. (2004). Equating test scores (without IRT). Princeton, NJ: ETS.

Livingston, S. A., Dorans, N. J., & Wright, N. K. (1990). What combination of sampling and
equating methods works best? Applied Measurement in Education, 3(1), 73-95.

Lord, F. (1982). The standard error of equipercentile equating. Journal of Educational Statistics,
7(3), 165-174.

MacCann, R. G. (1990). Derivations of observed score equating methods that cater to populations
differing in difficulty. Journal of Educational Statistics, 15, 146—170.

Moses, T., & Holland, P. (2007). Kernel and traditional equipercentile equating with degrees of
presmoothing (ETS Research Rep. No. RR-07-15). Princeton, NJ: ETS.

Press, W. H., Teukolsky, S. A., Vetterling, W. T., & Flannery, B. P. (1992). Numerical recipes in
C: The art of scientific computing (2nd ed.). New York: Cambridge University Press.

Rosenbaum, P. R., & Thayer, D. (1987). Smoothing the joint and marginal distributions of scored
two-way contingency tables in test equating. British Journal of Mathematical and
Statistical Psychology, 40, 43—49.

Skaggs, G. (2004, April). Passing score stability when equating with very small samples. Paper
presented at the meeting of the American Educational Research Association, San Diego,
CA.

von Davier, A. A., Holland, P. W., & Thayer, D. T. (2004a). The chain and post-stratification
methods for observed-score equating: Their relationship to population invariance. Journal
of Educational Measurement, 41, 15-32.

von Davier, A. A., Holland, P. W., & Thayer, D. T. (2004b). The kernel method of test equating.
New York: Springer-Verlag.

20



von Davier, A. A., & Kong, N. (2005). A unified approach to linear equating for the non-
equivalent group design. Journal of Educational and Behavioral Statistics, 30, 313-342.

Wang, T. (2004). An alternative continuization method to the kernel method in von Davier,
Holland and Thayer’s (2004) test equating framework (CASMA Research Rep. No. 11).
Iowa City, IA: University of lowa, Center for Advanced Studies in Measurement and
Assessment.

Wang, T., Lee, W., Brennan, R. L., & Kolen, M. J. (2006, April). A comparison of the frequency
estimation and chained equipercentile methods under the common-item non-equivalent
groups design. Paper presented at the annual meeting of the National Council on

Measurement in Education, San Francisco, CA.

21



Appendix
Deriving the Standard Errors of Equating for Raw Data

This appendix gives the derivations for efficient raw SEE and SEED computations that
avoid directly forming JL by JL and KL by KL C-matrices. First a basic result is given for the raw

C-matrix and the product of anything multiplied by the raw C-matrix. Then the derivations of
(JJIoe)C are given for the single-group design (X-to-4 in P). The single-group results are then

easily applied to chained equating. Then the (JJpr)C is described for post-stratification. Finally,
the SEED equations are given.

The Basic Result
In getting to the SEE-vector for raw data, we first get the row vector J.Jpr and then
premultiply it into C of the form in (8). Let v denote a row vector of the appropriate dimension

for the multiplication to make sense, then

vC=v (l/ﬁ)(Dﬁ -p\/p_‘) = (l/ﬁ)(vDﬁ -vp\/p_‘). (A1)

Since p is a column vector, vp is the mean of the elements of v using the probabilities in p, so

denote this by pyp. Furthermore, vD Jp is arow vector with coordinates vj/ P, . Thus, vC is the

row vector with elements

NS TN P (A2)

Finally, the squared length of vC will be the sum of squares of the elements in (A2) or 1/N times

the variance of the elements of the vector v, that is,
2
v CIF = (IIN)o . (A3)

As this paper will show, the SEEs for the various designs when there is no presmoothing will

always involve one or more quantities of the form (A3).
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The Single-Group (SG) Design (X-to-A in P)

Following von Davier et al. (2004b), the array of interest is P = (1/N)n, the two-way table
of bivariate cell proportions. Furthermore, P is regarded as vectorized into a column vector
denoted as p. If P is J by L, then p is JL by 1. It is now p that is assumed to have the multinomial
distribution.

Continuing to follow von Davier et al., the vector of raw score proportions for the two

tests, X and A, that is, (r', t')', is computed as,

G
= 6'=1¢) =lo)P (A9

where M and N are defined by,

M:(IJ,...IJ), (AS)
£ 0 .. 0
0 1 .. 0

o=|. . . .| (A0)
0 0 1

and where I denotes a J by J identity matrix and 1; denotes a row J-vector of all 1’s. M is J by

JL and O has L rows and is L by JL. Hence, by definition,

(M)
JDF = LoJ ) (A7)
aJ + L by JL matrix.

The C-matrix for this case is exactly as before,
c= IAN)D & -pyp).

But p is now a JL-vector, partitioned as,
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PL

where, p;, a column J-vector, is the " column of P.

To compute Jex) Jor = (Jr, J¢) Jpr, Observe that

(M)
(Jr, J9) Jor = I, Jt)kOJ =J,M+J;O.

Then,
IM=3, (..., )=, ..., J0), (A8)
and
£ 0 .. 0
J 0 =J, 0 lj ? SYCTR PRI R (A9)
0 0 .. 1

Hence, the (j, )™ element of J, M + J; O is
Jo+ 7, (A10)

J

Thus, applying (A2), the (j, l)th element of the SEE-vector for the SG design is

(1/\/3)(%}.+ Iy —u(JﬁJt)p)\/pT, (A11)
where,
R app = Z(Jg +1.)p, ,
i
so that the SEE for the SG design is given by the square root of

SEEX(x) = (1/N) S0 (A12)
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The NEAT Design—Chain Equating

Chain equating (CE) uses the results of two embedded single-group designs. In the NEAT
design there are two bivariate arrays of probabilities, P and Q, where P is J by L and Q is K by L.
Again, it is assumed that they have been vectorized into p and q, respectively, and again the
sample and population proportions are mixed. In CE, the quantities that are used are the four
probability vectors rp, tp, to, sq, defined in von Davier et al (2004b). In both this and the next
section, j is used for the coordinate subscript for r, k for the subscript for s and 1 for the subscript
for t, that is, 7;, sx and #.

For CE, the equating function, ey(x; rp, tp, to, Sq) is the composition of two simpler

functions, i.e.,

eY(x!. I'p, tP7 tQ: SQ) = eY(ell(x; I'p, tP)a tQa SQ)

where e4(x; rp, tp) is the single-group link from X to A and ey(a; tq, o) is the single-group link
from A to Y. Then, as shown in von Davier et al. (p. 84), the SEE*(x) for CE is the sum of two

parts corresponding to the two SG links, that is,
2 ey 2 2 2
SEE*(x) = [E(ea (x))I"SEE; (x) + SEE (e,(x)) . (A13)
Now apply (A12):

2 2
SEEZ(x) = (1/NF’)ZI(J5' +Jtl '(HJrP + MJtP)) Py :(1/NP)ZI(Jrj +Jtl 'M(Jr+Jt)P) Py
Js Js

(Al14)
and
2
SEE? (¢,()) = (1/Ng) 2= U, T 14 ~(ag + HaQ)) du -
k1
2
(I/NQ)g(Jsk +Jt1 _M(J5+Jt)Q) qkl. (A15)

In (A15), the Jacobians and their mean values need to be evaluated at the converted x-scores via

eq(x; rp, tp). The SEE for CE in the NEAT design is the square root of the quantity in (A13).
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The NEAT Design—Post-Stratification Equating
The use of the data from the NEAT design for post-stratification equating assumes that the

arrays, P and Q, have been vectorized into p and q. The C-matrix for the vector of unsmoothed

and unaveraged proportions (p', q')' is given by

cC, 0
C= : (A16)

where

Cp = (NP 5 —pyp")

and

Co= (YN D —ayfa).
Furthermore, the Jacobian of the design function for post-stratification equating in the

NEAT design is given by

or or
op 0Jq
- Al
Jpr ﬁ ﬁ , (A17)
op 0q

and, as before,

Je = (Jr, J).
Hence,
JeJor=(A, B), (A18)
where
or 0os
Asd (A19)
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or oS

B=J,_ +J, . A20
Using (A16) and (A18),
C, 0
SEE-vector = (A, B) = (A Cp, B Cyp). (A21)
0 C,

From (A21), the squared length of the SEE-vector in this case will be || ACp|]* + HBCQHz, and from
(A3) each of these components will be 1/N times the variance of the components of A or B. A

notation can be used that is like the notation used earlier:
2
EEX(x) = (1/Np) Ox p + (1/No) O, (A22)

where O, p denotes the variance of the elements of A with respect to the bivariate distribution P,

2
and Opq denotes the variance of the elements of B with respect to the bivariate distribution Q.

Hence, all that remains is to work out what the elements of A and B are. This is more
complicated than the previous cases because of the form of the Jacobian of the design function for
post-stratification equating in the NEAT design.

To proceed further it may be useful to get the dimensions of the arrays in (A18) to (A20)
clear. A is 1 by JL, and B is 1 by KL, so they are the same shapes as p' and q', respectively. More
importantly, A and B may be partitioned L blocks in the same was that p' and q' are, that is

A:(Al,...,Al,...,AL),
B:(Bl,...,Bl,...,BL).

Next, the expressions for the elements of the partitions for A and B are obtained. These are:

0 0 or Op os Op
P e B
op, op, op, Op, op, Op,
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( or os )\ Op
= JrT+ sTJﬁ, (A23)
op, op, apl
Bl:Jr ar +Js as :Jr ar aql +Js a__S%
oq, oq, oq, 6ql oq, aql
(o as ) Oq
B L (A24)
aq, aq,/ 0q,

In (A23) and (A24), the bivariate probability vectors with averaged probabilities (l_’ and ﬁ) are
distinguished from the original bivariate probability vectors (p and q). This distinction is
important, because the raw post-stratification equating function, synthetic marginal probabilities
(r and s), and algebraic development of J. Jpr that follows are based on P and 4, while the final
computation of (JeJpr)C utilizes a C that is based on p and q. Additional multiplications of
JJpr are needed for derivatives that are in terms of the original bivariate probabilities. They are
p, 1) 1
of the form a = ak(Pl TP +)b_1>1 = b_Pl , where by, is the number of anchor score levels

with marginal probabilities that are averaged together.

or
von Davier et al. (2004b, p. 76) provide formulas for the matrices, % , and so on, that
1
can be exploited for the J. Jpr of post-stratification. These are:
or 1= 1q¢
% = Wil -(1-w)(75/t:)[(t5) P 1] (A25)
|
oS
5{=M%fmm, (A26)
or e
— = (-w(t) p ]Ik, (A27)
oq,
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oS et
E = wilk -w(tﬁl/t@)[(t@)“ q 1 (A28)
1

In (A25) to (A28), the quantities Wip and Wig are defined as

Wp = w+ (1— W)th /tﬁl = (Wtﬁl + (1— W)t@)/tﬁl = tﬂ/tﬁl , (A29)
and Wig = (I=w)+wlt/tg) =t5/t5 (A30)
Next,
or -y = 11t
Jr% = Wipd, -(L-w)(tg /t:)[(t5) " 3. p 1
1
0s -1y = 1t
JSE = wl(ty) Jq 1
1
and
or -1y = 1
JrE = (1 - W)[(tﬁl) erl]lK ,
1
oS e
JSE = WléJs 'W(tﬁl/t@)[(t@) J.q, 11 .
1

. Ay : . .
Quantities of the form (5) J,P| occur in each of the above expressions so it is useful to

have a separate notation for them and in fact they are all conditional means. They are defined as

Hy = ;Jn (Pa/te) — (1,,)"3.B,. (A31)

Hygn = Zk:Jsk (G /t@) = (IQI)_leqL (A32)

Because {l_’ i/t } is the conditional probability distribution of X given A in P, it is clear that

My 31 is the conditional mean of J, given A over P. A similar interpretation holds for #s.qn1, thus:
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Hence, A; and B) in (A23) and (A24) can be examined in more detail:

and

and

-,

o = Wipd, - (l'w)(t@/tﬁz)ﬂJjultJ
op,
oS "
Js— = WHquls,
op;
or .
J— = (I'W)IUJJ)UIK
oq,
os
J_— =W J W(IP/ Qz)luJ Q|1
oq,

[ os ) Op 1
J — ST l ( lP r (1 W)(tQ[/tpl),uJ P|11t +WluJQlllt)b ,
ap1 5])1 ap1 Pl
( 0 os ) 0q |
J _r S _—s &: ((l_w)‘quf’ll1i< +W16Js -W(tpl/tél)ﬂJ56|11;()b_
aql aq,/ 0q, Ql

Equations (A29) and (A30) give the following relationships,
(1—=w)t /t;

o’'te = -w , and W(tf’l/t()l) =Wgo~ (1 - W) .

Equations (A37) and (A38) are simplified using (A39) as follows:

or L3 os ) op,
op, i op, apl

30

. 1
= (Wlf)Jr (W - W):quulJ + W/‘Jséulg)b_

Pl

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)

(A40)



Sy oy oa

B-|J. 8_(11 ¥ aql:((l—w)quP“1;+leJs (Wiq = (1= 1)ty g 1 )(biQJ (A41)
Hence,
- (Jr %+ . (j_ﬁsl\ Z—Ei - (Wus(Jr =ty 5 1)+ Wiy 5, +ﬂJSQ|1)13)bLm, (A42)
and
Blz[J 8_ql s;—;\g—z(WIQ(JS—/JJSQ11§<)+(1—W)(ﬂJ,P.+ﬂJsQ,)1§<)bL@, (A43)

All that remains is to give the individual coordinates of the vector partitions, A; and B;. These are:

Aj= (Wu?(J — M p|1)+W(,UJ pi T Ay Q|1)) (Ad4)

Pl

1
and By = (Wlé(Jsk ~ Hyon) T (L=w)(gy 5, +/‘J56|1))b_ : (A45)
Ql
Finally, we use (A44) and (A45) to obtain the two variances in (A22) to get the SEE for
the post-stratification method of equating in the NEAT design.

The NEAT Design—Standard Errors of Equating Differences (SEEDs)
Curvilinear-Linear SEEDs
For kernel equating functions, curvilinear and linear equating functions for a given method
(either post-stratification or chained) can be computed by varying the continuization bandwidths

(h’s). The derivative of the (e; - e,) difference is simply the difference between the equating

functions’ derivative vectors, 0 (61 - ez) =Ju-Ja, so that,

SEED (x) = ||(Je1 -Jo )JDFC” -

oI oeC| (A46)

(von Davier et al., 2004b, p. 80).
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The implication of (A46) is that raw curvilinear-linear SEEDs can be computed by

utilizing all of the raw SEE results with the substitution of Je =Je2 for Je.
The SEED analogues of (A1) and (A2) are:

1
SEED - Vetor, (1) = (@ =M urD =@ =J arPP' ). and (A47)
1 2
SEEDy (x)= ﬁ Z ((Jelj -J Wor — Ko, -g.)7, ) p;. (A48)
J

Equation (A48) makes it clear that the raw SEED is the standard deviation of the

difference between equating functions’ derivatives for a given design and data set.
To compute the raw SEEDs for kernel post-stratification, simply use Jr1 =J2 and Js -Jg

in place of J; and Js in (A22), (A31-A45). The curvilinear-linear post-stratification SEED

elements are:

1
Ai-e)i = (WIT’ o, I, = Mg o) TG s en + o, )éll)) b > (A49)

Pl

1

and Bere2ki = (Wlé(Jslk o, ~Hy e TA=WK e +”(J51-J52)Q|1))b_m. (A50)

The raw SEED for chained kernel requires a little more than the simple substitution of

Oey

Joa = for J. . There are two Py

(e,(x)) s that are needed, and these must be incorporated into
specific parts of the <« /.2 computations:
SEED*(x) = (I/N,,)SEED?(x) + (1/N,)SEED (¢, (x)) (AS1)

where SEED? (x) =

oel (el (x)) i oe2 (e2 (x))

ELAD ) U +5) " Y, (A52)
%‘ oa o oa I G PR T

2
SEED; (e, (x)) = g(Jslk o T o Ha a0 T Ragane) . (A53)
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Chained-Post-Stratification SEEDs

The SEED vector can also be expressed more generally as
SEED, (x) = [ s = oI o )C] (AS4)

Equation (A54) can be used to estimate the variability of the difference between equating
functions based on different design functions, such as two post-stratification equating functions
where w is varied, or between chained (e/) and post-stratification (e2) equating functions (von
Davier et al., 2004b p. 81).

Based on the definition of C in (3), the raw SEED in (A54) can be computed as follows:

SEEDy(X) = H”(JelPJDFlP -J2p I pr2p )Cp ”2 + H(JelQJDFlQ - JeZQJDFZQ )CQH2H . (AS55)

From (A5S5), there are two major parts to the SEED:

SEED, (x) = \/SEED?, (x) + SEEDZ, (x) | (A56)

which are now separately simplified.

From (A1),

2
(JelPJDFlP - JeZPJDFZP )D\/g - (JelPJDFlP - JeZPJDFZP )P\/P—' .

1
SEED, (x) = v (A57)

P

2

1 .
SEEDiQ (x)= N_ H(JelQJDFlQ - JezQJDFzQ )D\/a - (JelQJDFlQ - JezQJDFzQ )‘1\/‘T (A58)
0

Factoring out all \/; ’s and \/qT ’s and noting that products of row and column vectors are

sums,

1 2
SEEDiP (x)= 7 (JelPJDFlP - JeZPJDFZP - (JelPJDFlP - JeZPJDFZP )P) P, (A59)

P

1 2
SEED?Q (x)= N_ (JelQJDFlQ - JeZQJDFZQ - (JelQJDFlQ - JeZQJDFZQ )‘1) q. (A60)
o

From (A2), the elements multiplied by P and 9 vectors are means:
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1 2
SEED;’ (x)= V(JelPJDFlP ~Japd prap — (luJE“,JDF,P “H e )) p (A61)

P

1 2
SEED?’Q (x) = N_Q(JelQJDFlQ - JQZQJDFZQ - (ﬂ‘le]QJDF]Q o ﬂ"e?QJDFZQ )) q. (A62)

From (25), (26), (A13), (A14), (A15), (A44), and (A45),

1 (Oel, (el (x g
SEED?, (x) = —(—Y (x)) e e My p My p) = Agp + qu,,) p. (A63)
N, Oa
2 1 2
SEED?, (x) = N—Q(Jsl’Q o Mo Mg~ Ba +aa, | 4, (A64)

Then the elements of (A56) can be computed as

1 oel, (el (x))
SEED;, (x)= N_z (YT(J%? + Jtll,P “Hy - MJHP) - Ajl,ZP T Ha, )21’,1'/ . (A65)
Pl

1 2
SEEDiQ(x) = N Z(Jskl,Q +Ji10 - M0 “Hise ~ Buoe +/‘A20) 9 , (A66)
0 K
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